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Introducere

În această prezentare voi trata un caz faimos de serie semiconvergentă:∑∞
n=1

(−1)n−1
n

⋆seria este convergentă conform criteriului lui Leibnitz s, i are suma ln 2.

⋆seria nu este ı̂nsă absolut convergentă deoarece∑∞
n=1 |

(−1)n−1

n | =
∑∞

n=1
1
n care este divergentă.
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Propozit, ia 1

Fie seria 1− 1
2 −

1
4 + 1

3 −
1
6 −

1
8 + 1

5 − · · · obt, inută prin rearanjarea

termenilor seriei
∑∞

n=1
(−1)n−1

n (1 termen pozitiv s, i 2 termeni
negativi).Atunci suma seriei este 1

2 ln 2.

Demonstrat, ie

Notăm Sn =s, irul sumelor part, iale a seriei init, iale
Tn =s, irul sumelor part, iale a seriei rearanjate
T3n = (1− 1

2 )−
1
4 + ( 13 −

1
6 )−

1
8 + · · ·+ ( 1

2n−1 −
1

4n−2 )−
1
4n

= 1
2 −

1
4 + 1

6 −
1
8 + · · ·+ 1

4n−2 −
1
4n

= 1
2 (1−

1

2
+

1

3
− 1

4
+ · · ·+ 1

2n − 1
− 1

2n︸ ︷︷ ︸
S2n

)

S2n = 1− 1
2 + 1

3 −
1
4 + 1

5 −
1
6 + · · · − 1

2n
= 1 + 1

2 + 1
3 + 1

4 + 1
5 + 1

6 + · · ·+ 1
2n − (1 + 1

2 + 1
3 + · · ·+ 1

n )
= 1

n+1 + 1
n+2 + · · ·+ 1

2n
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lim
n→∞

(
1

n
+

1

n + 1
+

1

n + 2
+ · · ·+ 1

2n
) =?

Folosim dubla inegalitate: 1
n+1 < ln (1 + 1

n ) <
1
n

Din 1
n+1 < ln (1 + 1

n )⇒
1
n + 1

n+1 + 1
n+2 + · · ·+ 1

2n < ln 2n
n−1 (1)

Din ln (1 + 1
n ) <

1
n ⇒ ln 2n+1

n < 1
n + 1

n+1 + 1
n+2 + · · ·+ 1

2n (2)
(1)(2)
====⇒ pentru n > 1⇒ ln 2n+1

n < 1
n + 1

n+1 + 1
n+2 + · · ·+ 1

2n < ln 2n
n−1

Conform
==========⇒
Criteriul Cles,telui

lim
n→∞

S2n = ln 2 =⇒ lim
n→∞

T3n =
1

2
ln 2

lim
n→∞

T3n = lim
n→∞

T3n+1 = lim
n→∞

T3n+2

1− 1
2 −

1
4 + 1

3 −
1
6 −

1
8 + 1

5 − · · · =
1
2 ln 2
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Propozit, ia 2

Dacă rearanjăm termenii
∑∞

n=1
(−1)n−1

n ı̂n as,a fel ı̂ncât blocurile cu α
termeni pozitivi alternează cu blocurile cu β termeni negativi

α+β︷ ︸︸ ︷
α︷ ︸︸ ︷

1 +
1

3
+ · · ·+ 1

2α− 1
−

β︷ ︸︸ ︷
1

2
− 1

4
− · · · − 1

2β
+ 1

2α+1 +
1

2α+3 + · · ·+
1

4α−1 −
1

2β+2 −
1

2β+4 − · · · −
1
4β + · · · , atunci suma seriei este ln 2 + 1

2 ln
α
β .

Demonstrat, ie

Tn =s, irul sumelor part, iale a seriei rearanjate
Fie f (n) = 1 + 1

2 + 1
3 + 1

4 + · · ·+ 1
n−1 + 1

n
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T1·(α+β) =

α+β︷ ︸︸ ︷
α︷ ︸︸ ︷

1 +
1

3
+ · · ·+ 1

2α− 1
−

β︷ ︸︸ ︷
1

2
− 1

4
− · · · − 1

2β

= f (2α− 1)− 1
2 f (α− 1)− 1

2 f (β) (scadem t. de dinainte de rang par)

= f (2α)− 1
2 f (α)−

1
2 f (β)

induct, ie:Tn·(α+β) = f (2nα)− 1
2 f (nα)−

1
2 f (nβ)

pt n = 1 adevarat.
Presupunem că egalitatea este adevarată pentru n s, i vrem să o
demonstrăm pentru n+1.
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T(n+1)·(α+β) = f (2nα)− 1
2 f (nα)−

1
2 f (nβ) +

1
2nα+1 + 1

2nα+3 + · · ·+

1
2(n+1)α−1 −

1
2nβ+2 −

1
2nβ+4 − · · ·−

1
2(n+1)β

= f (2nα)− 1
2 f (nα)−

1
2 f (nβ) + f (2(n + 1)α− 1)− 1

2 f ((n + 1)α− 1)−

−f (2nα) + 1
2 f (nα)−

1
2 f ((n + 1)β) + 1

2 f (nβ)
scadem toti termenii
din cele n blocuri de dinainte

= f (2(n + 1)α)− 1
2 f ((n + 1)α)− 1

2 f ((n + 1)β).
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lim
n→∞

(f (n)− ln n) = lim
n→∞

(1 +
1

2
+ · · ·+ 1

n − 1
+

1

n
− ln n) = c (ct. lui

Euler)

lim
n→∞

Tn(α+β) =

= lim
n→∞

(f (2nα)− ln (2nα)︸ ︷︷ ︸
c

−1

2
f (nα) +

1

2
ln (nα)︸ ︷︷ ︸

− 1
2 c

−1

2
f (nβ) +

1

2
ln (nβ)︸ ︷︷ ︸

− 1
2 c

)+

+ lim
n→∞

(ln (2nα)− 1

2
(ln (nα) + ln (nβ)))

= lim
n→∞

ln
2nα√
n2αβ

= lim
n→∞

(ln 2 + ln
nα

|n|
√
αβ

) = ln 2 + ln

√
α2

αβ

= ln 2 + 1
2 ln

α
β .

pt k = 1, 2, 3, · · · , (α+ β)− 1 avem că lim
n→∞

Tn(α+β)+k = lim
n→∞

Tn(α+β)

⇒ Suma seriei este ln 2 + 1
2 ln

α
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Propozit, ia 3

Suma seriei 1− 1
2 −

1
4 −

1
6 −

1
8 +

1
3 −

1
10 −

1
12 −

1
14 −

1
16 +

1
5 − · · · (obt, inută

prin rearanjarea termenilor seriei
∑∞

n=1
(−1)n−1

n (1 termen pozitiv s, i 4
termeni negativi)) este 0.

Demonstrat, ie

Este un caz particular cu α = 1 si β = 4

lim
n→∞

Tn = ln 2+
1

2
ln

α

β
= ln 2+

1

2
ln

1

4
= ln n+ln

1

2
= ln 2− ln 2 = 0.
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Propozit, ia 4

Seria
∑∞

n=1
(−1)n−1

n poate fi rearanjată astfel ı̂ncât să ı̂s, i dubleze suma.

Demontrat, ie

ln 2 + 1
2 ln

α
β = 2 ln 2

1
2 ln

α
β = ln 2

ln α
β = 2 ln 2

ln α
β = ln 4

ln
=====⇒
bijectivă

α
β = 4⇒ α = 4 si β = 1.
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Propozit, ia 5

Seria
∑∞

n=1
(−1)n−1

n poate fi rearanjată astfel ı̂ncât să obt, inem o serie
divergentă.

Demonstrat, ie

(⋆) 1− 1
2 +

1
3 +

1
5 −

1
4 +

1
7 +

1
9 +

1
11 −

1
6 + · · · ← obt, inut prin rearanjarea

termenilor seriei init, iale ı̂n as,a fel ı̂ncât n, n= 1, 2, 3, · · · termeni pozitivi
urmat, i de un termen negativ.

Grupăm termenii seriei (⋆) astfel:
(1− 1

2 ) + ( 13 + 1
5 −

1
4 ) + ( 17 + 1

9 + 1
11 −

1
6 ) + · · ·

(⋆⋆)
∑∞

n=1(
1

n2−n+1 + 1
n2−n+3 + · · ·+ 1

n2+n − 1︸ ︷︷ ︸−n+(2n−1)

− 1
2n )

Sn =s, irul sumelor part, iale al seriei (⋆)
Tn =s, irul sumelor part, iale al seriei (⋆⋆)
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Tn = S (n+1)n
2 +n

>
∑n

k=1(
k

k2+k−1 −
1
2k )

Folosim urmatoarea inegalitate: k
k2+k−1 −

1
2k > 1

4k
k

k2+k−1 > 1
4k + 1

2k

k
k2+k−1 > 3

4k

4k2 > 3k2 + 3k − 3

k2 − 3k + 3 > 0 Adevărat pentru k ≥ 1

⇒
∑n

k=1(
k

k2+k−1 −
1
2k ) >

1
4

∑n
k=1

1
k−−−→n→∞

+∞

⇒ lim
n→∞

Tn = +∞ ⇒Seria este divergentă.
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Vă mult,umesc!
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