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Demonstrăm că π este iraţional

Definim f : [0, 1] −→ R, unde f (x) = sin (πx).

Vrem să evaluăm integrala
∫ 1
0 x j f (x) dx , mai exact notăm cu

Ij =
∫ 1
0 x j sin (πx) dx

Aplicăm integrarea prin părţi de 2 ori şi obţinem:

Ij =
1
π + j

π

∫ 1
0 x j−1 cos (πx) dx=

= 1
π + j(j−1)

π2

∫ 1
0 x j−2 sin (πx) dx .
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Definim f : [0, 1] −→ R, unde f (x) = sin (πx).
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Astfel, obţinem recurenţa:

Ij =
1
π + j(j−1)

π2 Ij−2.

Prin iteraţie, ı̂n funct, ie de paritatea lui j, ajungem la:

I0 =
∫ 1
0 sin (πx) dx = 2

π .
sau

I1 =
∫ 1
0 x sin (πx) dx = 1

π .
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Presupunem prin reducere la absurd că π = a
b ∈ Q, unde a,b ∈ N∗.

Atunci,
∫ 1
0 x j sin (πx) dx ∈ Q.

Deci,
∫ 1
0 Pn(x) sin (πx) dx = An

Bn
∈ Q, unde An ∈ Z şi Bn ∈ Z∗.

Avem Bn = an.
⇒

∫ 1
0 Pn(x) sin (πx) dx = An

an .
Avem nevoie ca An ̸= 0. Pentru n par,
An = an

∫ 1
0 Pn(x) sin (πx) dx =

=an
∫ 1
0 (

1
n!x

n(1− x)n dn

dxn (sin (πx))) dx ̸= 0.
Astfel,
1 ≤ |An| = |an

∫ 1
0 Pn(x) sin (πx) dx | =

=|an
∫ 1
0 (

1
n!x

n(1− x)n dn

dxn (sin (πx))) dx | =
=|an

∫ 1
0 (

1
n! [x · (1− x)]nπn) dx |.
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Cum

x(1− x) ≤ 1
4 , ∀ x ∈ [0, 1].

Deci,

1 ≤ |an
∫ 1
0 (

1
n!(

1
4)

nπn) dx | = |an 1
n!(

π
4 )

n|.

Dar,

limn→∞(an 1
n!(

π
4 )

n) = 0.

Contradicţie ⇒ π ∈ R \Q.
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Demonstrăm că ln 2 este iraţional

Definim f : [0, 1] −→ R, unde f (x) = 1
x+1 .

Vrem să evaluăm integrala
∫ 1
0 x j f (x) dx , mai exact

∫ 1
0

x j

1+x dx .
Aplicăm Algoritmul lui Euclid,
xj = (1 + x)

(
x j−1 − x j−2 + · · · ∓ 1

)
± 1.

x j

1+x = x j−1 − x j−2 + · · · ∓ 1± 1
1+x .∫ 1

0
x j

1+x dx =
∫ 1
0 (x

j−1 − x j−2 + · · · ∓ 1± 1
1+x )dx .∫ 1

0
x j

1+x dx = 1
j −

1
j−1 + · · · ∓ 1± ln 2.
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Presupunem prin reducere la absurd că ln 2 ∈ Q

⇒ ln 2 = a
b ∈Q,

unde a,b ∈ N∗.
Notăm dj = c .m.m.m.c {1, 2, · · · , j} ,∀ j ∈ {1, 2, . . . , n}.
Atunci ∃ α ∈ Z astfel ı̂ncât∫ 1
0

x j

1+x dx = α
dj
± a

b =
αb±adj

bdj
∈ Q.

Deci,
∫ 1
0 Pn(x)f (x) dx = An

Bn
∈ Q, unde An ∈ Z şi Bn ∈ Z∗.

⇒ Bn = bdn.
⇒

∫ 1
0 Pn(x)f (x) dx = An

Bn
= An

bdn
.
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Bibliografie

Presupunem prin reducere la absurd că ln 2 ∈ Q ⇒ ln 2 = a
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⇒ Bn = bdn.
⇒

∫ 1
0 Pn(x)f (x) dx = An

Bn
= An

bdn
.
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Vrem An ̸= 0,
An = (bdn)

∫ 1
0 Pn(x)f (x) dx =

=(bdn)
∫ 1
0 (

1
n!x

n(1− x)n( dn

dxn (
1

1+x ))) dx =

=(bdn)
∫ 1
0 (

1
n!x

n(1− x)n(−1)nn! 1
(1+x)n+1 ) dx .

Deci, obţinem:
1 ≤ |An| = |(bdn)

∫ 1
0 Pn(x)f (x) dx | =

=|(bdn)
∫ 1
0 (

1
n!x

n(1− x)n( dn

dxn (
1

1+x ))) dx | =
=|(bdn)

∫ 1
0 (

1
n!x

n(1− x)n(−1)nn! 1
(1+x)n+1 ) dx | =

=|(bdn)
∫ 1
0 (

(
x(1−x)
1+x

)n
1

1+x ) dx |.
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Pentru g(x) = x(1−x)
1+x , ∀ x ∈ [0, 1].

Obţinem, g(x)max = 3− 2
√
2.

Folosim rezultatul: dn ≤ 3n.
Apoi, avem
1 ≤ |An| ≤ |(b · 3n)

∫ 1
0 [(3− 2

√
2)n 1

1+x ] dx |
=|b| · [3(3− 2

√
2)]n|

∫ 1
0

1
1+x dx |

=|b| · [3(3− 2
√
2)]n · ln 2

Dar, limn→∞[3(3− 2
√
2)]n = 0.

Contradicţie ⇒ ln 2 ∈ R \Q .
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Contradicţie ⇒ ln 2 ∈ R \Q .
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