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Fie (X , ∥ · ∥) şi (Y , ∥ · ∥ ) spaţii normate şi (Tα)α∈A ⊆ L(X ;Y ) o familie
de operatori liniari şi continui.

Definitie

Spunem că X este spaţiu Banach dacă distanţa generată de normă este
completă.

Definitie

Spunem că (Tα)α∈A este uniform mărginită ⇐⇒ ∃M ≥ 0 a.̂ı.

∥Tα∥ ≤ M, ∀α ∈ A.

Definitie

Spunem că (Tα)α∈A este o familie punctual mărginită de operatori ⇐⇒
∀x ∈ X ,∃Mx ≥ 0 a.̂ı.

∥Tα(x)∥ ≤ Mx , ∀α ∈ A.
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Principiul mărginirii uniforme

Teorema

Fie (X , ∥ · ∥) spaţiu Banach si (Y , ∥ · ∥) spaţiu normat.
Fie (Tα)α∈A ⊆ L(X ;Y ) o familie punctual mărginită de operatori.
Atunci (Tα)α∈A ⊆ L(X ;Y ) este uniform mărginită.
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Teorema de reprezentare a lui Riesz - Dualul unui spaţiu Hilbert

Fie (H, ⟨·, ·⟩) spaţiu Hilbert şi f : H → K o funcţională liniară şi continuă.
Atunci ∃!yf ∈ H astfel ı̂ncât f (x) = ⟨x , yf ⟩ (∀x ∈ H). Mai mult,

∥f ∥ = ∥yf ∥.
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Principiul mărginirii uniforme pentru funcţionale pe spaţii Hilbert

Fie (X , ⟨·, ·⟩) spaţiu Hilbert şi (yα)α∈A o familie de vectori ı̂n H cu
proprietatea că pentru ∀x ∈ H,∃M(x) ≥ 0 astfel ı̂ncât:

|⟨x , yα⟩| ≤ M(x) (∀α ∈ A). (1)

Atunci există M ≥ 0 astfel ı̂ncât

∥yα∥ ≤ M(∀α ∈ A). (2)
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Demonstraţie:
Presupunem prin reducere la absurd că relaţia (2) nu este adevărată.
Fie α1 ∈ A astfel ı̂ncât ∥yα1∥ ≥ 12 şi fie e1 =

yα1
∥yα1∥

, cu ∥e1∥ = 1

|⟨e1, yα⟩| ≤ M(e1) (∀α ∈ A)

(∥yα∥)α∈A ⊆ R nu e majorată, deci există α2 ∈ A astfel ı̂ncât:

∥yα2∥ ≥ 22 şi
M(e1)

∥yα2∥
≤ 1

22
.
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Atunci
|⟨e1, yα2⟩|
∥yα2∥

≤ 1

22
.

Fie
e2 =

yα2

∥yα2∥
∈ H cu ∥e2∥ = 1.

Aşadar:

|⟨e1, e2⟩| ≤
1

22
.
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Fie acum α3 ∈ A astfel ı̂ncât:

∥yα3∥ ≥ 32 şi
M(e1) +M(e2)

∥yα3∥
≤ 1

23

şi luăm e3 =
yα3

∥yα3∥
∈ H cu ∥e3∥ = 1. Atunci putem spune că:

|⟨e1, e3⟩|+ |⟨e2, e3⟩| =
1

∥yα3∥
(|⟨e1, yα3⟩|+ |⟨e2, yα3⟩|)

≤ M(e1) +M(e2)

∥yα3∥
≤ 1

23
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Prin inducţie, găsim un şir (yαn)n≥1 ⊆ (yα)α∈A cu proprietatea că:

∥yαn∥ ≥ n2 (∀n ≥ 1).

|⟨e1, en+1⟩|+ . . .+ |⟨en, en+1⟩| ≤
1

2n+1
(∀n ≥ 1), unde

en
def
=

yαn

∥yαn∥
, (∀n ≥ 1).

Să arătăm acum că seria

∞∑
n=1

en
n

converge ı̂n H.
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Pentru ∀n ∈ N∗ si p ≥ 1,

∥
n+p∑

k=n+1

ek
k
∥2 =

n+p∑
k=n+1

∥ek∥2

k2
+

∑
1≤s<t≤p

2Re⟨en+s , en+t⟩
(n + s)(n + t)

≤
n+p∑

k=n+1

1

k2
+

∑
1≤s<t≤p

2|⟨en+s , en+t⟩|
(n + s)(n + t)

≤
n+p∑

k=n+1

1

k2
+

2

n2

∑
1≤s<t≤p

|⟨en+s , en+t⟩|

≤
n+p∑

k=n+1

1

k2
+

2

n2
· (|⟨e1, en+t⟩|+ . . .+ |⟨en+t−1, en+t⟩|)

≤ 1

2n+t+1
, ∀1 ≤ t ≤ p fixat
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SESIUNEA DE COMUNICĂRI MATEMATICE 2024
13 / 16



Aşadar

∥
n+p∑

k=n+1

ek
k
∥2 ≤

n+p∑
k=n+1

1

k2
+

4

n2
(∀n, p ≥ 1)

Cum
∞∑
n=1

1

n2
converge =⇒

(
n∑

k=1

ek
k

)
n≥1

⊆ H şir Cauchy.

Iar cum H este complet, fie

x =
+∞∑
n=1

en
n

∈ H.
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|⟨x , yαn⟩| = ∥yαn∥ · |⟨x , en⟩|

≥ ∥yαn∥ ·

(
|⟨en, en⟩|

n
−

n−1∑
k=1

|⟨ek , en⟩|
k

−
∞∑

k=n+1

|⟨ek , en⟩|
k

)

≥ ∥yαn∥ ·

(
|⟨en, en⟩|

n
−

n−1∑
k=1

|⟨ek , en⟩| −
n∑

k=1

1

k · 2k

)

≥ ∥yαn∥ ·

(
|⟨en, en⟩|

n
− 1

2n
−

n∑
k=1

1

n · 2k

)

≥ n2

(
1

n
− 1

2n
− 1

n
·

∞∑
k=n+1

1

2k

)

≥ n − n(n + 1)

2n
→ ∞ pentru n → +∞, contradicţie.
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