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∑∞

n=1
1
n2

= π2

6

3 Aplicaţii
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(
1 + 1

22
+ ... + 1

n2

)
n∈NDemonstrăm că
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Din definiţia convergenţei seriilor avem că
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este

convergentă ⇔ an = 1 + 1
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∑∞
n=1

1
n2

= π2

6
Aplicaţii
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Metoda I: Folosind teorema lui Weierstrass:
Studiem monotonia şi avem an < an+1 ,∀ n ≥ 1,
pentru că 1 + 1

22
+ ...+ 1

n2
< 1 + 1

22
+ ...+ 1

n2
+ 1

(n+1)2
, ∀ n ≥ 1,

de unde rezultă că şirul (an)n∈N este monoton crescător. (1)

Studiem mărginirea şi avem
an = 1 + 1

22
+ 1

32
+ ...+ 1

n2
< 1 + 1

1·2 + 1
2·3 + ...+ 1

(n−1)n

= 1 + (1− 1
2) + (12 − 1

3) + ...+ ( 1
n−1 − 1

n ) = 2− 1
n < 2, ∀ n ≥ 1,

⇒ şirul an este mărginit superior. (2)
Din (1) şi (2), obţinem ca şirul este convergent.

Ionescu Andreea O metodă de evaluare a sumei seriei
∑∞

n=1
1
n2
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Bibliografie

Metoda I: Folosind teorema lui Weierstrass:
Studiem monotonia şi avem an < an+1 ,∀ n ≥ 1,
pentru că 1 + 1
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22
+ ...+ 1

n2
< 1 + 1

22
+ ...+ 1

n2
+ 1

(n+1)2
, ∀ n ≥ 1,
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Studiem mărginirea şi avem
an = 1 + 1

22
+ 1

32
+ ...+ 1

n2
< 1 + 1

1·2 + 1
2·3 + ...+ 1

(n−1)n

= 1 + (1− 1
2) + (12 − 1

3) + ...+ ( 1
n−1 − 1

n ) = 2− 1
n < 2, ∀ n ≥ 1,
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(
1 + 1

22
+ ... + 1

n2

)
n∈NDemonstrăm că
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Metoda II: Vom demonstra că şirul este Cauchy:
Fie ϵ > 0, oarecare. Trebuie să demostrăm că ∃ nϵ ∈ N astfel ı̂ncât
avem |an+p − an| < ϵ, ∀ n ≥ nϵ, p ∈ N.

Atunci
|an+p − an| = 1

(n+1)2
+ · · ·+ 1

(n+p)2
< 1

n(n+1) + · · ·+ 1
(n+p−1)(n+p) =

1
n − 1

n+1 + · · ·+ 1
n+p−1 − 1

n+p = 1
n − 1

n+p < 1
n , ∀ p ∈ N.

Cum 1
n → 0,

⇒ ∃ nϵ ∈ N astfel ı̂ncât 1
n < ϵ, ∀ n ≥ nϵ.

Deducem aşadar că |an+p − an| < ϵ, ∀ n ≥ nϵ, ∀ p ∈ N i.e. şirul
(an)n∈N este şir Cauchy de numere reale.
⇒ sirul(an)n∈N este convergent.
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(an)n∈N este şir Cauchy de numere reale.
⇒ sirul(an)n∈N este convergent.
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∑∞
n=1

1
n2

= π2

6
Aplicaţii
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Ionescu Andreea O metodă de evaluare a sumei seriei
∑∞

n=1
1
n2
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Demonstrăm că
∑∞

n=1
1
n2 =

π2

6

limn→∞an = π2

6 ⇒
∑∞

n=1
1
n2

= π2

6 .

Vom cosidera integrala definită:

J2n =
∫ π

2
0 cos2n t dt, ∀ n ∈ N.

O vom evalua aplicând integrarea prin părţi de două ori, ı̂n două
moduri diferite.
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Convergenţa şirului
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Astfel,

J2n =
∫ π

2
0 cos2n t dt

= t cos2n t|
π
2
0 −

∫ π
2

0 t · 2n cos2n−1 t · (− sin t) dt =

= 2n
∫ π

2
0 t · cos2n−1 t sin t dt

= n[t2 cos2n−1 t sin t|
π
2
0 −

∫ π
2

0 t2[(2n − 1) cos2n−2 t(− sin t) · sin t +
cos2n−1 t cos t] dt]

= n
∫ π

2
0 t2[(2n − 1) cos2n−2 t − cos2n t(2n − 1 + 1)] dt

= n(2n − 1)
∫ π

2
0 t2 cos2n−2 t dt − 2n2

∫ π
2

0 t2 cos2n t dt.

Notăm I2n =
∫ π

2
0 t2 cos2n t dt

şi avem J2n = −2n2I2n + n(2n − 1)I2n−2, ∀ n ≥ 1. (1)
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Pe de altă parte,

J2n =
∫ π

2
0 cos2n t dt

=
∫ π

2
0 cos2n−1 t · (sin t)‘ dt

= cos2n−1t · sin t|
π
2
0 −

∫ π
2

0 (2n − 1) cos2n−2 t · (− sin t) · sin t dt
= (2n − 1)

∫ π
2

0 (cos2n−2 t − cos2n t) dt
⇒ J2n = (2n − 1)J2n−2 − (2n − 1)J2n, ∀ n ≥ 1
⇔ 2nJ2n = (2n − 1)J2n−2

⇒ J2n = 2n−1
2n J2n−2, ∀ n ≥ 1. (2)

Cum J0 =
π
2 , scriem succesiv relaţia de recurenţă (2) şi obţinem

J2n = (2n−1)(2n−3)·····3·1
(2n)(2n−2)·····4·2 · π

2 ⇔ J2n = (2n−1)!!
(2n)!! · π

2 . (3)

Ionescu Andreea O metodă de evaluare a sumei seriei
∑∞

n=1
1
n2
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Bibliografie

Pe de altă parte,
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Din (1) şi (3) ⇒ −2n2I2n + n(2n − 1)I2n−2 =
(2n−1)!!
(2n)!! · π

2 , ∀n ≥ 1

⇔ (2n)!!
(2n−1)!! I2n −

(2n−2)!!
(2n−3)!! I2n−2 = − 1

n2
· π
4 . (4)

Scriem succesiv relaţia de recurenţă (4) şi adunăm, obţinem că,∑n
k=1(

(2k)!!
(2k−1)!! I2k −

(2k−2)!!
(2k−3)!! I2k−2) =

(2n)!!
(2n−1)!! I2n −

0!!
(−1)!! I0

= −π
4 ·

∑n
k=1

1
k2 ,

⇒ (2n)!!
(2n−1)!! I2n = π3

24 − π
4 ·

∑n
k=1

1
k2 ,

pentru că I0 =
∫ π

2
0 t2 dt = π3

24

⇔ (2n)!!
(2n−1)!! I2n = π

4 · (π2

6 −
∑n

k=1
1
k2 ), ∀ n ≥ 1. (5)
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şi aplicaţii
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Acum trebuie să calculăm limn→∞
(2n)!!

(2n−1)!! I2n.

Vom folosi faptul că 2
π t ≤ sin t, ∀ 0 ≤ t ≤ π

2
⇔ t ≤ π

2 sin t, pentru t ∈ [0, π2 ]

⇒ I2n =
∫ π

2
0 t2 cos2n t dt ≤ (π2 )

2
∫ π

2
0 cos2n t sin2 t dt

= π2
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∑∞
n=1

1
n2

= π2

6
Aplicaţii
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Aplicaţia 1

limn→∞

(
1 + 1

32
+ 1

52
...+ 1

(2n−1)2

)
= π2

8 .

Demonstraţie:

Fie bn = a2n −
(

1
22

+ 1
42

+ ...+ 1
(2n)2

)
, n ≥ 1.

Avem bn = a2n −
(
1
4 + 1

42
+ ...+ 1

4n2

)
= a2n − 1

4

(
1 + 1

22
+ 1

23
+ ...+ 1

n2

)
= a2n − 1

4an, n ≥ 1

şi atunci limn→∞bn = limn→∞
(
a2n − 1

4an
)
= π2

6 − 1
4 · π2

6 = π2

8 .

Observaţie:
∑∞

n=1
1

(2n−1)2
= π2

8 .
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şi atunci limn→∞bn = limn→∞
(
a2n − 1

4an
)
= π2

6 − 1
4 · π2

6 = π2

8 .

Observaţie:
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Aplicaţia 2

Fiind dat şirul (an)n∈N ⊂ R, problemele naturale ce se pun sunt:

1. Este finită limn→∞an = l0?
2. În ipoteza 1, a convergenţei lui (an)n∈N, apare ı̂ntrebarea:
Cum converge şirul (an − l0)n∈N către 0?
i.e. să definim un şir de numere reale (xn)n∈N astfel ı̂ncât
limn→∞xn(an − l0) = l1 (finit şi nenul), pe care o vom numi
evaluare asimptotică de ordin I.
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2. În ipoteza 1, a convergenţei lui (an)n∈N, apare ı̂ntrebarea:
Cum converge şirul (an − l0)n∈N către 0?
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Ceea ce vom demonstra acum este că

limn→∞n(π
2

6 − an) = 1 ⇔ limn→∞
π2

6
−an
1
n

= 1 ⇔ π2

6 − an ∼ 1
n .

Soluţie:
Vom folosi Lema Stolz-Cesaro, cazul [00 ] şi avem

limn→∞
π2

6
−an
1
n

= limn→∞
π2

6
−an+1−π2

6
−an

1
n+1

− 1
n

= limn→∞
an−an+1

− 1
n(n+1)

=

= limn→∞
− 1

(n+1)2

− 1
n(n+1)

= limn→∞
n

n+1 = 1.
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Vă mulţumesc pentru atenţie!
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