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Divergences: framework and extensions

Ioana DANILA

Scoala doctorala de Matematica, Universitatea din Bucuresti
jo.danila@yahoo.com

Abstract

This paper unifies the main divergence measures and their properties in
the information theory context. It gives as an extension the power divergence
family and investigates it. We introduce the class of weighted (phi, a) power
divergence family, where we consider a study of quadratic convergence.
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Cercetare interdisciplinara in matematica si
informatica

Radu VASILE
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Abstract

Algebrele BCK au fost introduse de Imai si Iseki in 1996 in [2] ca o gen-
eralizare pentru operatia de diferenta a doua multimi. Recent, au fost gasite
aplicatii noi pentru aceste algebre, cum ar cele din [3] si [1]. In aceste arti-
cole, un cod binar este asociat cu o algebra BCK si se arata ca se poate face
si drumul invers, obtinerea unui BCK algebra dintr-un cod bloc binar. Aceste
noi aplicatii deschid un domeniu interesant de cercetare, deoarece o multime de
intrebari raman inca fara raspuns sau au raspunsuri partiale. Avand in vedere
aceste lucruri, a devenit interesant sa studiem in detaliu modul in care pot
construite algebrele BCK si care este structura acestei clase de algebre.

In [10], autorul prezinta doua noi extensii pentru algebrele BCK si arata, de
asemenea, ca structura clasei de algebre BCK are forma unui graf format din trei
arbori care se intersecteaza, numiti arbori BCK. Autorul arata, de asemenea,
ca algebrele BCK sunt impartite in acesti arbori dupa proprietatile lor, ceea
ce inseamna ca avem arborele algebrelor BCK comutative, arborele algebrelor
BCK implicative pozitive si arborele algebrelor BCK implicative. Mai mult, se
arata ca atunci cand doi arbori se intersecteaza, algebra BCK care constituie
intersectia pierde proprietati, ca in procesul de derivare Cayley Dickson pentru
algebre peste un corp.

In [11], autorul generalizeaza extinderile Iseki si pseudo-Iseki pentru algebre
BCK, introducand constructia Iseki generalizata. Totodata, folosind conceptele
de arbori BCK anterior introduse, autorul prezinta un algoritm de computer
pentru generarea algebrelor BCK. Nu in ultimul rand, in sursa citata, au-
torul introduce noi relatii valide in algebrele BCK pozitiv implicative. Pentru
obtinerea acestor relatii, un rol important a fost jucat de algoritmul computeri-
zat construit, acesta furnizand exemple si contraexemple importante in procesul
cercetarii.

In lucrarea de fata, prezentam algoritmul computerizat de generare a alge-
brelor BCK si modul in care, combinand concepte de matematica si informatica,
a fost posibila cresterea performantei acestui algoritm. In cea de a doua parte,
aratam cum, utilizand algoritmul computerizat, a fost posibila constructia unui
rezultat matematic.
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Unele proprietati ale cuaternionilor i octonionilor reali
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Abstract

In cele ce urmeaza, voi prezenta unele proprietati ale algebrelor de cuater-
nioni si octonioni reali. Ma voi axa pe reprezentarile matriceale ale acestora si
voi da unele exemple si aplicatii.
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Asupra proprietatilor de aproximare a unor operatori
de tip Bernstein-Durrmeyer

Bianca Ioana VASIAN
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Abstract

In aceasta lucrare vom introduce noi operatori de tip Bernstein-Durrmeyer
ce depind de un parametru o > 0 pentru care vom studia proprietati de con-
vergent, a pe C[0; 1], precum si un rezultat de tip Voronovskaya. De asemenea,
pentru acesti operatori, se vor demonstra rezultate directe si inverse, folosind
echivalenta dintre /C-functionale si module de netezime.
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Some fixed point theorems on equivalent metric spaces

Mariana CUFOIAN
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Abstract

The aim of this paper is to analyze the existence of fixed points for mappings
defined on complete metric spaces satisfying almost contractive condition and
a general contractive inequality of integral type. The existence of fixed point is
ensure by hypotheses formulated in terms of equivalent metric spaces.

Bibliografie

[1] BANACH, S. Sur les opérations dans les ensembles abstraits et leur appli-
cation aux équations intégrales. Fundamenta Mathematicae 3 (1922), 133-181.

[2] BERINDE, V. Approximating fixed points of weak contractions using the
picard iteration. Nonlinear Analysis Forum 9, 1 (2004), 43-53.

[3] BERINDE, V. Iterative Approximation of Fixed Points. Springer, 2007.

[4] BERINDE, V. and PACURAR, M. Fixed points and continuity of almost
contractions. Fixed Point Theory 9, (March 2008), 23-34.

[5] BERINDE, V. and PACURAR, M. A note on the paper ”Remarks on
fixed point theorems of Berinde”. Tech. rep., 2009.

[6] BRANCIARI, A. A fixed point theorem for mappings satisfying a general
contractive condition of integral type. International Journal of Mathematics and
Mathematical Sciences 29, 9 (2002), 531-536.

[7] KANNAN, R. Some results on fixed points. Bull. Calcutta Math. Soc
10 (1968), 71-76.

[8] KIRK, W. A. Metric fixed point theory: a brief retrospective. Fixed
Point Theory and Applications 2015, 1 (dec 2015), 1-17.

[9] KUMAR, S. A short survey of the development of fixed point theory.
Surveys in Mathematics and its Applications 8 (2013), 91-101.

[10] MORADI, S. Kannan Fixed-Point Theorem On Complete Metric Spaces
And On Generalized Metric Spaces Depended an Another Function.

[11] PANT, R., LOHANI, A., and JHA, K. A history of fixed point theorems.
Ganita-Bhrat, Bull. Soc. Hist. Math. Ind. 24 (jan 2002), 147-159.



[12] RHOADES, B. E. Two fixed-point theorems for mappings satisfying a
general contractive condition of integral type. International Journal of Mathe-
matics and Mathematical Sciences 2003, 63 (2003), 4007-4013.

[13] RUS, I. A. Relevant classes of weakly picard operators. Annals of West
University of Timisoara - Mathematics and Computer Science 54, 2 (jan 2017),
131-147.

[14] SAHA, M., and DEY, D. Fixed point theorems for A-contraction map-
pings of integral type. Journal of Nonlinear Sciences and Applications 05, 02
(2012), 84-92.



Ingham’s type inequalities for arbitrary families of
exponentials
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Abstract

We consider nonharmonic Fourier series for which the exponentials have the
property that consecutive frequencies can be arbitrarily close. In this case we
obtain an Ingham’s type inequality with weights. The proof is mainly based on
a Ingham’s proof technique inspired from [5].
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Convergence of the Mann iterative process to fixed
points of enriched quasi nonexpansive semigroups
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Abstract

In this paper, we introduce a new semigroup of an enriched quasi nonexpan-
sive mapping in the sense of Berinde, namely, an enriched quasi nonexpansive
semigroup. To approximate common fixed points, using the Mann iterative
process in uniformly convex Banach spaces, we establish some weak and strong
convergence results for enriched quasi nonexpansive semigroups.
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Algebraic Heun operators
Iulia - Catalina PLESCA
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Abstract

Consider the Heun operator, the second order differential operator with four
regular singular points, given by:

d? 5y ) € d afz—q
H(132:2+(z+z—1+z—d)derz(z—l)(z—d)7

where
deC\{0,1} anda+p+1=~v+0+e¢.

We are interested to find conditions for which the ordinary linear differential
equation:
H(y) = 0.

has a full set of algebraic solutions.

In this case, we see the corresponding Heun operators as pull-backs by Belyi
functions of algebraic hypergeometric operators. We search for these functions
by finding their corresponding dessin d’enfant. We find some infinite families of
dessins d’enfants parametrized by the number of edges.
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Final comparation reliability of serial-parallel networks
vs parallel-serial networks

Veronica ANDRIEVSCHI-BAGRIN
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veronica.bagrin@ati.utm.md

Abstract

The paper addresses the issue of comparing the reliability of two standard
types of networks: serial-parallel and parallel-serial. Four variants of dynamic
mathematical models are analyzed depending on the lifetime cumulative distri-
bution function of each units of the network, the non-random / random character
of the number of units in each subnet and of the number of subnets. Sufficient
conditions have been determined for serial-parallel networks to be more reliable
than parallel-serial networks. The main result is that these conditions do not im-
ply the lifetime distribution of each unit but only the probabilistic distribution
of the numbers of units and subsystems of the networks.
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Teoreme de existenta si unicitate pentru ecuatii
diferentiale cu argument modificat

Liliana KONYICSKA
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Abstract

In acest raport de cercetare vom prezenta doua teoreme de existenta si unic-
itate a soluiilor urmatoarelor doud probleme Cauchy si Dirichlet: Problema
Cauchy asociata unei ecuatii diferentiale cu argument modificat si Problema lui
Dirichlet asociata unei ecuatii diferentiale cu argument modificat.
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Rezultate auxiliare pentru materiale termoelastice
dublu poroase

Anamaria-Nadie EMIN(LEONTE)

Scoala doctorala de Matematica, Universitatea Ovidius din Constanta
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Abstract

Studiul rezultatelor de unicitate pentru materialele dublu poroase este prin-
cipalul obiectiv al acestei lucrari. Unele rezultate auxiliare se obtin pe baza
relatiei de reciprocitate de tip Betty care implica procese termoelastice. Dupa
configurarea ecuatiilor de baza se defineste problema mixta initiald cu valori la
limita, pentru a modela un corp termoelastic cu structura dublu poroasa. Este
demonstrata o relatie reciproca de tip Betty, care stabileste o conexiune intre
doud sisteme de Incarcari externe si solutiile corespunzatoare acestor Incarcari.
In final, pe baza relatiilor obtinute, se va demonstra o teoreméa de unicitate
pentru materiale termoelastice cu dubla porozitate.
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Weaker Schur-Convex functions via complete
homogeneous symmetric polynomials
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Abstract

We discuss about the positivity of the complete homogeneous symmetric
polynomials with an even degree. We introduce a weaker notion of Schur-convex
function. Our aim is to extend some general results from Schur-convex functions
theory.
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Abstract

We introduce new divergences between two probability measures and study
some properties of them. We notice the importance in other proofs of the
inequalities we obtained for these divergences on an arbitrary measurable non-
negligible set..

Bibliografie

[1] T.M. Cover, J.A. Thomas, Elements of Information Theory, John Wiley
& Sons, 2012.

[2] S. Furuichi, K. Yanagi, K. Kuriyama, Fundamental properties of Tsallis
relative entropy, J. Math. Phys. 45(2004), 4868-4877.

[3] S. Guiasu, Information Theory with Applications, McGraw-Hill Inc.,
1977.

[4] V. Preda, C. Balcau, Entropy Optimization with Applications, Editura
Academiei Romane, Bucuresti, 2011.

[5] A. Toma, Optimal robust M-estimators using divergences, Stat. Probab.
Lett. 79(2009), 1-5.

16



About the B-concavity of functions with many variables
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Abstract

The paper deals with the study of the property of B-concavity in the multi-
dimensional case and with the property of preservation of B-concavity by Bern-
stein operators given on a simplex.
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Rezolvarea de ecuatii peste quaternioni si octonioni

Mariana-Geanina ZAHARIA

Scoala doctorala de Matematica, Universitatea Ovidius din Constanta
geaninazaharia@yahoo.com

Abstract

Prima parte a lucrarii de fata contine solutiile ecuatiei caracteristice, re-
latii de recurentd, cateva identitati importante pe care le-am folosit in cal-
cule, quaternioni Fibonacci si quaternioni Fibonacci generalizati, urma, norma
quaternionilor generalizati.

In a doua parte voi prezenta rezultatele principale: algebre de quaternioni si
algebre de octonioni, ecuatia de gradul al doilea, ecuatii obtinute prin procedeul
Cayley-Dickson.

Quaternionii sunt numere hipercomplexe necomutative obtinute prin extin-
derea multimii de numere complexe intr-o maniera similara cu cea care a con-
dus de la numere reale la numere complexe. Aceste numere au fost introduse
de matematicianul irlandez Sir William Rowan Hamilton in 1843 si aplicate
in spatiul tridimensional. Desi au fost inlocuiti in majoritate de aplicatii vec-
toriale, quaternionii sunt inca utilizati atat in matematica teoretica, cat si in
matematica aplicata.

Octonionii formeaza o algebra de dimensiune 8 si sunt algebre cu diviziune
peste corpul numerelor reale, sunt algebre necomutative si neasociative, dar
satisfac o forma mai slaba de asociativitate, si anume alternativitatea. Sunt de
asemenea asociativi in puteri.
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Abstract

Timp de cel putin zece ani, Hamilton a incercat si modeleze un spatiu
3-dimensional cu o structura asemanatoare cu cea a numerelor complexe, a
caror adunare gi Inmultire se regasesc in spatiul bidimensional. In acest sens,
Hamilton si-a dat seama ca ar avea nevoie de o a patra dimensiune gi astfel
a inventat termenul de cuaternion: pentru spatiul real, generat de elementele
1,1, 7, k, relative la inmultire. (John Voight, Quaternion algebras, March 27,
2021, p.1)

Debutul cuaternionilor lui Hamilton a fost intAmpinat cu o oarecare rezistenta
in matematica, intrucat presupunea un sistem de ,,numere” care nu satisfacea
proprietatea de comutativitate a inmultirii. La inceputul anilor 1900, Dickson
a fost primul care a luat in considerare algebrele de cuaternioni peste un camp
arbitrar. El a inceput prin a generaliza acele algebre In care fiecare element
satisface o ecuatie patratica, a expus o baza diagonalizabila pentru o astfel de
algebra si a analizat conditiile pentru a fi o algebra cu diviziune (John Voight,
Quaternion algebras, March 27, 2021, p.9). Acest lucru l-a condus la ceea ce el
a numit mai tarziu, algebra cuaternionilor generalizati, pentru care:

2 2 2 _
=0, ] _ﬁak ——04,8
iy =—ji=k,ik=—ki=qaj, kj =—jk=[i
Algebra de cuaternioni a fuzionat, de asemenea, cu teoria algebrica a formelor
patratice. In acest sens, vom expune cateva propietati ale acestora definite pe
algebre de cuaternioni, vom evidentia caracterizarea cuaternionilor prin inter-

mediul formelor patratice si ne vom indrepta atentia spre conexiunea lor cu
studiul nivelului i subnivelului unor algebre cu diviziune.
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Abstract

In this paper, we consider inertial iteration methods for Fermat-Weber loca-
tion problem and primal-dual three-operator splitting in real Hilbert spaces. To
do these, we first obtain weak convergence analysis and nonasymptotic O(1/n)
convergence rate of the inertial Krasnoselskii-Mann iteration for fixed point of
nonexpansive operators in infinite dimensional real Hilbert spaces under some
seemingly easy to implement conditions on the iterative parameters. The con-
vergence analysis and rate of convergence results are obtained using conditions
which appear not complicated and restrictive as assumed in other previous re-
lated results in the literature. We then show that Fermat-Weber location prob-
lem and primal-dual three-operator splitting are special cases of fixed point
problem of nonexpansive mapping and consequently obtain the convergence
analysis of inertial iteration methods for Fermat-Weber location problem and
primal-dual three-operator splitting in real Hilbert spaces.

Some numerical implementations are drawn from primal-dual three-operator
splitting to support the theoretical analysis.
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Abstract

In aceasta lucrare vom introduce rezultate directe si inverse obtinute in
aproximarea cu operatori de tip Bernstein-Durrmeyer ce invariaza functiile liniare
si depind de un parametru p. Rezultatele directe au fost obtinute prin inter-
mediul echivalentei dintre K - functionale si modulul de netezime Ditzian-Totik.
Rezultatele inverse au fost obtinute prin intermediul unor inegalitati de tip Bern-
stein asupra operatorului mentionat.
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Abstract

To model statistical data coming from two different distributions, Cooray
and Ananda (2005) introduced a composite (2-spliced) Lognormal-Pareto model,
that was further extended by Scollnik (2007) and fitted to insurance data. More
general, in this work, we consider a 3-spliced composite model, built from the
Exponential, Lognormal and Pareto distributions. The main characteristics
of this model, as well as statistical inference are discussed. The parameters
estimation is illustrated on random generated data.
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Abstract

Pornind de la algebra numerelor reale se introduce numerele complexe si
hypercomplexe quaternioni, octonioni, sededioni, si asa mai departe, ca prin
dublarea dimensiunii bazei spatiului vectorial al algebrei. Procesul Cayley-
Dickson asigura introducerea unei algebre dublate In dimensiune. Fiecare al-
gebra are ca elemente vectori bidimensionali cu componente elemente din alge-
bra anterioara.

Astfel se obtin iIn mod recurent vectori de vectori bidimensionali. Fiecare
algebra este subalgebra a algebrelor superioare obtinute in procesul Cayley-
Dickson. Considerarea simultand a algebrelelor obtinute in procesul Cayley-
Dickson necesita o notare unitara a elementelor bazei acestora. Fiecare algebra
este caracterizata prin tabla de inmultire intre elementele bazei. Tabla inmultirii
elementelor bazei in algebra dublata in dimensiune este construita prin aplicarea
procesului Cayley-Dickson.Astfel se obtine o predictibilitate in introducerea nu-
merelor hypercomplexe.
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Abstract

In aceastd lucrare, ne propunem sa facem o introducere in teoria BCK-
algebrelor. Acestea fac parte din categoria algebrelor logice si se bazeaza pe
teoria multimilor. Vom gasi atat definitia algebrelor BCK si a subalgebrelor, cat
si numarul estimativ al acestora din urma. Pe langa prezentarea unor exemple
de BCK-algebre, o categorie importantd o constituie BCK-algebrele comuta-
tive marginite. Acestea vor deschide studiul mai departe pentru MV-algebre si
algebra booleana.
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Abstract

In aplicatiile din viata de zi cu zi a invatarii automate (machine learning),
este destul de obignuit sa existe multe caracteristici relevante disponibile pentru
invatare, dar numai o mica submultime a acestora este observabila. Deci, pentru
variabilele care sunt uneori observabile si alteori nu, putem proceda in felul
urmator: cand variabila este vizibila, aceasta este observata in scopul invatarii,
iar cand aceasta nu este vizibila, putem sa 1i prezicem valoarea.

Algoritmul EM (Expectation-Maximization, sau agteptare-maximizare) poate
fi folosit gi pentru variabilele latente (variabile care nu sunt direct observabile
gi sunt de fapt deduse din valorile celorlalte variabile observate) pentru a prez-
ice valorile lor cu conditia ca forma generala a distributiei probabilitatii care
guverneaza acele variabile latente sa ne fie cunoscuta. Acest algoritm sta de
fapt la baza multor algoritmi supervizati gi nesupervizati din domeniul Invatarii
automate. A fost explicat, propus si denumit intr-o lucrare publicatd in 1977
de Arthur Dempster, Nan Laird si Donald Rubin. Este folosit pentru a gasi
parametrii locali de maxima verosimilitate ai unui model statistic in cazurile
in care sunt implicate variabile latente si datele lipsesc sau sunt incomplete.
Esenta algoritmului EM este utilizarea datelor observate disponibile ale setului
de date pentru a estima datele lipsa si apoi utilizarea acestor date pentru a
actualiza valorile parametrilor.

Algoritmul EM este utilizat in diverse domenii, printre care putem enumera:
gruparea datelor (data clustering) in invatare automatd (machine learning) si
vedere computationald (computer vision), procesarea limbajului natural (nat-
ural language processing, sau NLP), estimarea parametrilor in modele mixte,
psihometrie, analiza si prelucrarea imaginilor medicale, inginerie structurala.

Doua dintre cele mai populare aplicatii ale EM sunt: estimarea modelelor
de mixturi gaussiene (Gaussian Mixture Model, sau pe scurt GMM) si esti-
marea modelelor de tip lanturi Markov ascunse (Hidden Markov Model, sau pe
scurt HMM). Solutiile EM sunt, de asemenea, deduse pentru a invita o mix-
turd optima de modele fixe, pentru a estima parametrii unei distributii Dirich-
let compuse (compound Dirichlet distribution) si pentru separarea semnalelor
suprapuse.

In aceastii lucrare vom prezenta pe scurt notiunile preliminarii necesare
intelegerii conceptului de algoritm EM, vom analiza pasii acestuia, abordarea
problemei datelor lipsa, proprietatile algoritmului EM.
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Sunt discutate probleme practice din domeniul invatarii automate in care a
fost aplicat EM, precum si variatiuni ale algoritmului care ajuta la rezolvarea
acestor provocari.
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